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Abstract-The purpose of this work is studying the approximation in D-metric of upper semi- 
continuous and normal fuzzy sets with compact support on W” by using the convolution (fVg)(z) = 
sup{f(~ - y) A g(y) : y E x} between two fuzzy sets, where the distance D(f, g) is the supremum 
of the Hausdorff distances of their corresponding level sets. In particular, by using V-convolution, a 
density result is proved and some applications in Choquet integration of fuzzy numbers are presented. 
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1. INTRODUCTION 
There exist many situations where it is necessary to approximate an arbitrary normal upper 
semicontinuous fuzzy set with compact support by fuzzy sets with more convenient properties, 
for example, by continuous fuzzy sets or Lipschitzian fuzzy sets (see [l]). 
In this direction, Colling and Kloeden [2] h s ow that the normal compact-convex fuzzy sets 
with compact support on 8%” can be approximate by continuous fuzzy sets in D-metric. Also, 
in [3] the authors prove that the space of level-Lipschitzian fuzzy sets on W” is a dense sub- 
space of the normal compact-convex and level-continuous fuzzy sets with compact support in 
relation to D-metric, and this work is generalized to Banach spaces with interesting application 
to the characterization of relative compactness in spaces of fuzzy sets (see [4]). We want to 
remark that, in general, the concept of level-continuity of function has interesting applications in 
nondifferentiable optimization which can be found in [5]. 
In this paper, we present a new type of approximation, which generalizes the above results in 
two ways. 
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(a) Here, we consider the space 3” of normal fuzzy sets with compact support, without any 
convexity assumption. 
(b) We prove the density of support-Lipschitzian fuzzy sets in P with respect to the D-metric. 
Actually, it was only for simplicity that we derived our results in Rn; they can be easily 
extended to ones real, reflexive, and separable Banach space X. In fact, because the essential 
argument used here is the compactness of the unitary ball in R”, it is sufficient to consider the 
weak topology on X, and the same arguments works. 
This paper has been organized as follows. In Section 2, we give the basic notations’ and 
preliminary results which will be used throughout the paper. In Section 3, we present our main 
results on approximation of fuzzy sets and, finally, in Section 4, we show some connections between 
convolution of fuzzy numbers and Choquet integration and some examples are presented. 
2. PRELIMINARIES 
Let IC(lP) and K,(llP) be the class of all nonempty and compact subsets of R”, and the class of 
all nonempty compact and convex subsets of W”, respectively. The Hausdorff metric H on K(P) 
is defined by 
and it is known that (K(llP),H) is a complete and separable metric space, and K,(lP) is a 
closed subspace of K(llP) (see [1,6]). Also, by using the Minkowski sum between two sets, a 
linear structure of convex cone is defined on lC(llP) by mean 
A+B={a+b, UEA, DEB} and AA = {Aa, a E A}, 
for all A, B E IC(lFP), X E R. 
Some properties of these above operations are (see [1,6]) as follows. 
PROPOSITION 2.1. If A, AI, B, BI E K(EP), then 
(i) H(AA, J,B) = XH(A, B), for all X 2 0; 
(ii) H(A + B, AI + BI) 5 H(A, AI) + H(B, Bl); 
(iii) if A, B E Kc,(EP), then H(A + AI, B + Al) = H(A, B). 
Let P be the space of normal fuzzy sets with compact support; i.e., 3” consists of all f : 
R” -+ [O, l] such that: 
(i) f is normal; i.e., there exists 20 E R” such that f(zc) = 1; 
(ii) f is upper semicontinuous; 
(iii) Lcf = supp(f) = cl{a: E R, f(x) > 0) E K(P). 
For 0 < (Y 5 1, denote L,f = {cc, f(x) 2 a} th e a-level of f. Then from (i)-(m), it follows 
that L,f E K(JP), for all (Y E [O,l]. Al so, we can to extend H to 3” by mean 
W, 9) = pfll H(Laf, Lag), 
and it is well known that (P , D) is a complete (see [l]) but not separable metric space (see [1,7,8]). 
Also, we consider 
E” = {f E F”, L,f E Kc (lv) ) va E [O, 11). 
It is well known that En is a complete and separable subspace of 3” (see [3,4]). In particular, 
El is called the space of fuzzy numbers. 
The following definition is well known in convex analysis (see [9,10]). 
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DEFINITION 2.2. Let f,g E Fn. Then, we define the convolution fVg between f an< g as 
where the symbol A denotes the minimum on [0, I]. 
A useful result (see [Q,lO]) is the following proposition. 
PROPOSITION 2.3. If f,g E Fn, then fVg E Fn. Moreover, 
L(fVg) = Lf + -Lx.!?, va E [O,l]. 
REMARK 2.4. Due to Proposition 2.3, by using the sup-min convolution, a linear structure is 
introduced on 3” by mean 
(X@f)(z)= -yIoj(z), ifX=O, i 
f (37 ifx#O, 
and, with these definitions, we obtain L,(f $ g) = L,f + Lag and L,(X 0 f) = XL,f, for all 
f>Ll E p, a E 1% 11, and X E lR (for more details on level-sum of functions, see [l-3]). 
3. DENSITY AND SUP-CONVOLUTION 
In general, it is well known that the space of Lipschitzian functions is a dense subspace of the 
space of continuous functions with respect to the uniform metric. However, in this section we will 
show a different type of density. More specifically, we will prove that the space of Lipschitzian 
functions is a dense subspace of (F, D). 
We recall that g E 3” is said to be Lipschitzian (on its support) with constant K E B+ if 
b(5) - S(Y)1 5 w - Yllr for every 2, y E supp(g). 
We will denote by L” the class of all Lipschitzian fuzzy sets g E 3n. 
REMARK 3.1. Let A E K(lR?). Then XA E -jcn, where XA denotes the characteristic function 
of A. Moreover, XA E c”. 
The following result is proved similarly as in [lo]. 
THEOREM 3.2. Let f,g E 3n. Ifg E L”, then fVg E C”. 
PROOF. First, we observe that supp(fVg) = supp(f) + supp(g). Writing 
(fVg)(z) = SUPv%(~) = f (Y) Ada:-Y), YE SUPP( (1) 
then, for each y E supp( f), the function h, : Iw” + [0, 1) is Lipschitzian with constant K. In fact, 
If&J(~) - hy(Z)l = If(Y) A 9(x - Y) - f(Y) * g(z - Y)I 
I 1!7(x - Y> - !7(z - Y)l 
5 Kllz - 211. 
Finally, to prove that fVg is Lipschitzian with constant K, we note that 
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and then, taking the supremum with respect to y, we obtain 
(fV!l)(~) - Kllx - 4 I (fVg)(x) I (fVL7>(Z> + Kllx - 41; 
i.e., 
I(fVg>(x) -tfVg)(~)I 5 Kll~ - 41. 
This completes the proof. I 
REMARK 3.3. We note that in [lo] the functions f and g considered are R-valued and they 
are Lipschitzian on the whole domain, whereas in our case, we are working with [O,l]-valued 
functions which are Lipschitzian only on its support. On the other hand, it is important to remark 
that, without loss of generality, in (1) we can suppose that y E supp(f) and, simultaneously, 
x - y E supp(g). It is clear that in any other case, by(x) = 0. 
EXAMPLE 3.4. Consider the function f : R + [0, l] defined by 
I 
1 
-, ifO<x<i, 
2 
f(x) = 1, ifi<x<l, 
0, if x $ [O,l]. 
Then it is clear that f is not a Lipschitzian function. Nevertheless, if we consider 
we have that g E L” and 
s(x) = 
x, if 0 5 2 < 1, 
0, if x 4 [O, 11, 
and L,g = [q 11, va E [O, 11. 
so, 
i 
[O, 11 + [a, 11 = b, 213 
LY(fVg) = 
ifO<aji, 
[~,l]+[c~,l]=[c~+~,,2], ifi<orSl. 
Therefore, by using the formula (fog)(x) = sup{a, x E L,(fVg)}, we obtain 
f 2, 
ifO<x< f, 
(fVg)(x) = 2’ 1 I x- 1, if$<x<l, -, 2 ifl<x<i,  3 5x52, 5
which is a Lipschitzian function with constant K = 1. 
Our main result in this section is the following theorem. 
THEOREM 3.5. For each f E F, there exists a sequence (gP) E L” such that D(gP, f) 5 l/p for 
p=1,2,.... 
PROOF. Let f E F. Denote B[O, l/p] the closed ball with radius l/p centered in the origin 
0 E B”. Then, because B[O,l/p] is compact and convex, we have that XB[OJ/~] E Cn for each 
p E N. 
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Taking gp = ~VXB[O,I/~~~ then, by Theorem 3.2, we have that gp E 13”, Vp. Moreover, for each 
o! E [O, 11, 
H (JLxgp, Lf) = H (wvXB[o,l/p], Lf) 
= H (w + LYXB[O,l/p]r LYf) 
G+jd],W) (by Proposition 2.l.iii) 
1 z.z -. 
P 
So, taking supremum in Q E [0, 11, we obtain D(g,,f) 5 l/p, for every p, and the proof is 
complete. I 
COROLLARY 3.6. (Cn, D) is a dense subspace of (P, D). 
REMARK 3.7. In a more restricted context, Colling and Kloeden [2], by using totally different 
techniques, prove that continuous fuzzy sets are dense in E” with respect to the D-metric. 
REMARK 3.8. In [3,4], by using the multivalued Berstein polynomials, we prove that level- 
Lipschitzian fuzzy sets are dense in the class of fuzzy sets where the level application (u + L,f 
is continuous. 
4. CONVOLUTION AND CHOQUET INTEGRAL 
In this section, as an interesting application of convolution of fuzzy sets, we will show the 
additivity of the Choquet integral (see [ll]) on the class E’ of fuzzy numbers in relation to 
algebraically additive fuzzy measures on R. 
DEFINITION 4.1. Let C be a u-algebra of subsets of R. A fuzzy measure on C is a set function 
p : C -+ [0, co] such that 
(1) P(0) = 0; 
(2) A,BE&AC_B*P(A)IP(B). 
DEFINITION 4.2. A fuzzy measure p is said to be algebraically additive on intervals if 
cL(I + J) = P(I) + P(J), 
where I, J are closed finite intervals. 
EXAMPLE 4.3. OUTER MEASURE IN R. For each set A of real numbers, consider the countable 
collections {In} of open intervals that cover A, that is, collections for which A C Urn, and for 
each such collection consider the sum of the length of the intervals in the collection. We define 
the outer measure m*(A) of A to be the infimum of all such sums. In short, 
m*(A) = k& cl&). 
It follows immediately from the definition of m* that m’(0) = 0 and that if A C B, then 
m*(A) 5 m*(B). 
Therefore, m* is a fuzzy messure defined on P(R). Furthermore, because m*(1) = Z(1) for any 
finite interval, then m* is an algebraically additive fuzzy measure on R. In fact, if I = [a, b] and 
J = [c, d] are two finite intervals, then a straightforward calculus shows that I + J = [a + c, b + d], 
and 
m*(I+J)=(b+d)-(a+c)=(b-a)+(d-c)=m*(I)+m*(J). 
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DEFINITION 4.4. Let p be a fuzzy measure on R and f E El. Then we define the Choquet 
integral off with respect to p, as 
THEOREM 4.5. Let p be an algebraically additive fuzzy measure on R and f, g E El. Then 
(Cl /Y’W dp = CC) / f dp + CC> j-9 dl.L, 
CC) /CA @ f) + = X(C) / f dcl- 
PROOF. If f, g E El then, due to Proposition 2.3, L,(fVg), L,f, and L,g are closed and convex 
finite intervals, for all a E [0, 11. Moreover, 
La(fVg) = Leaf + JLd, Va E [O,l]. 
So, due to (2), p(&(fVg)) = p(&f + Lg) = p(Lf) + d&g), ‘da E Pj 11. 
Consequently, 
(2) 
= j&f) +cl(Lag)ld~ 
I 
=(C)/f4+(c+h- 
Analogously, p(L,(X of>> = p(&f) = MLf). Therefore, 
(C)J(~~f)dli=Sllr(Lo(~~f))du 
0 
=X(C) 
s 
f dp. I 
EXAMPLE 4.6. If we consider f and g as in Example 3.4 and p = m*, then we have that f, g E El 
and 
m*&(fVg)) = 
ifO<cr<i, 
, if+<asl. 
m*(Lf)= 1 
i 1, -, 
ifO<a< f, 
2 if i <cr<l, 
m*(L,g) = 1 - (Y, va E [O, 11. 
Thus, 
(C)/(f Vg)dp= l1 m*(L(fVg)da 
I 
l/2 
= 
0 
(2-o)da+l;2 (;-a) da= ;. 
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REMARK 4.7. In [5], we investigate the level-convergence and r-convergence of functions and its 
connections, whereas in [la] we study the minimal conditions for the continuity of fuzzy measures 
with respect to the Hausdorff convergence on K(lP). These works will be the starting point for 
the study of the continuity of the Choquet integral and nonadditive integrals (see [ll]) in relation 
to the level-convergence of functions, which will be presented in a forthcoming paper. 
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